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Abstract
We study a particular approach for analyzing worldsheet conformal invariance for
bosonic string propagating in a curved background using hamiltonian formalism. We
work in the Schro¨dinger picture of a single particle description of the problem where the
particle moves in an infinite-dimensional space. Background independence is maintained
in this approach by adopting DeWitt’s (Phys.Rev.85:653-661,1952) coordinate indepen-
dent formulation of quantum mechanics. This enables us to construct certain background
independent notion of Virasoro generators, called DeWitt-Virasoro (DWV) generators,
and invariant matrix elements of an arbitrary operator constructed out of them in spin-
zero representation. We show that the DWV algebra is given by the Witt algebra with
additional anomalous terms that vanish for Ricci-flat backgrounds. The actual quantum
Virasoro generators should be obtained by first introducing the vacuum state and then
normal ordering the DWV generators with respect to that. We demonstrate the proce-
dure in the simple cases of flat and pp-wave backgrounds. This is a shorter version of
arXiv:0912.3987 [hep-th] with many technical derivations omitted.
Keywords: Quantum mechanics in curved space, Non-linear sigma model, Virasoro
algebra.
PACS: 11.25.Hf, 11.25.-w, 11.10.Ef
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1 Introduction and summary
Equations of motion (EOM) for backgrounds in string theory are derived from the con-
dition of worldsheet conformal invariance1. This has mostly been studied by comput-
ing the beta functions of the nonlinear sigma model using background field method
[1]. A BRST hamiltonian approach was also discussed to some extent in the literature
[7, 8, 9, 10, 11, 12, 13] (see also [14]) where one attempts to verify the constraint algebra
at the quantum level2.
In this work we explore a new approach for studying the same problem in hamiltonian
framework. In this approach one attempts to find a suitable string generalization of De-
Witt’s coordinate independent description of particle quantum mechanics as discussed in
[20, 21]3. We attempt to develop the framework in analogy with ordinary particle quan-
tum mechanics where, given a classical hamiltonian, the quantum mechanical problem
can be solved in two steps, namely (1) find the quantum hamiltonian using which the
Schro¨dinger equation needs to be written down, (2) find the vacuum (and other excited
states) by solving the Schro¨dinger equation. In case the second step can not be carried
out exactly, one develops a perturbative method for solving the problem approximately.
The first step is enough to provide the complete quantum definition for a single particle
1Some of the original references are [1, 2, 3, 4, 5, 6].
2Recently a similar method has been used [15, 16, 17, 18] to study exact conformal invariance of the
worldsheet theory in type IIB R-R plane-wave background [19].
3DeWitt’s formulation was applied to string theory earlier in [22].
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system. However, for a quantum field theoretic system, as the case at hand, it serves the
purpose only in a limited sense because of the divergences arising from the infinite num-
ber of degrees of freedom. Such divergences need to be cured by introducing the vacuum
state. In this work we will address the question analogous to the first step only leaving
the general study of the vacuum for future work. However, we will discuss the latter in
the specific cases of flat and pp-wave backgrounds. Finding out how to follow through
the second step in general is an interesting question that needs further investigation. One
may also wonder at this point how even the first step itself can be carried out in presence
of divergences. As we will see, manifest general covariance will enable us to manipulate
various expressions containing such divergences.
We will now describe our construction in detail. This is done by first developing a single
particle description of the worldsheet theory. At the classical level such a description is
obtained by re-writing the theory in terms of suitable Fourier modes such that it describes
a particle moving in an infinite-dimensional curved space (subject to certain potential)4.
This is the kind of non-linear system that was studied in [20, 21]. The general coordinate
transformation (GCT) in the infinite-dimensional spacetime (induced by the same in
the physical spacetime where the string is moving) is interpreted as a point canonical
transformation in the single particle classical mechanical problem. The latter can then
be identified as a subgroup of all unitary transformations in the corresponding quantum
theory. DeWitt’s analysis shows how the quantum theory can be written down in a
manifestly covariant manner in position representation.
There are a few generalizations involved in our work from DeWitt’s original work. The
analysis of [20] considered a non-relativistic particle so that the general covariance was
sought only for the spatial slice. In our case we adopt the infinite-dimensional language for
the matter part of the worldsheet theory in conformal gauge. The resulting particle-like
theory looks like a worldline theory with full covariance in spacetime. A more important
difference is having infinite number of Virasoro generators instead of only the hamiltonian
as in DeWitt’s case. Because of the presence of infinite number of dimensions the theory
possesses certain shift properties which look unusual from the particle point of view.
These properties dictate the behavior of the theory under certain shift of the spacetime
dimensions, i.e. the string modes. Since Virasoro generators relate different string modes,
4This way the infinite number of degrees of freedom of the string is given an interpretation of number
of spacetime dimensions.
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such shift properties are inherently related to the existence of these generators.
The above generalization enables us to construct a background independent quantum5
version of the Virasoro generators, hereafter called DeWitt-Virasoro (DWV) generators,
and coordinate invariant matrix elements involving them between two arbitrary scalar
states. As expected, all such expressions contain divergences. But such divergences are
hidden in the form of infinite-dimensional traces and therefore our expressions can be
manipulated in the formal sense. We then go ahead and compute the algebra of DWV
generators in spin-zero representation. Interestingly, we find that the result is given
by the Witt algebra with additional operator anomaly terms that vanish for Ricci-flat
backgrounds. A few comments are in order,
• The central charge term is expected to appear once the vacuum is introduced and
the DWV generators are properly normal ordered. We demonstrate this for flat and
pp-wave backgrounds.
• The Ricci-anomaly term is a quantum contribution at the leading order in h¯ = α′.
Such a term arises because of our covariant treatment. This is an interesting result
as Ricci-flatness is also found to be the condition for one-loop conformal invariance
in the lagrangian framework [1]. However, since a perturbative expansion has not
yet been formulated in our work, a priori it is not clear how to relate the two results
in a precise way.
• As mentioned in footnote 2, exact conformal invariance of the worldsheet theory
in type IIB R-R plane-wave background was studied using the hamiltonian method
in [15, 16, 17, 18]. However, general covariance was not made manifest in these
works. It was pointed out in [17] that this non-covariant computation leads to
certain Virasoro anomaly terms that suffer from operator ordering ambiguity.
Here we show that considering the pp-wave as a special case of the present covariant
framework improves the understanding of how the above ambiguity may be fixed.
The rest of the paper is organized as follows. The infinite-dimensional language is
explained in sec.2. Construction of the DWV generators has been discussed in sec.3. We
5We will use the word quantum in the limited sense of step (1) above except for the discussion in
section 5 where vacuum and normal ordering are discussed for flat and pp-wave backgrounds.
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summarize the results for the DWV algebra in sec.4. We discuss the flat and the pp-wave
backgrounds as special cases of the present construction in sec.5.
This article is a shorter version of the work in [23]. Many of the technical derivations,
which are omitted here, can be found in that work.
2 Mapping to infinite dimensions
We consider a bosonic closed string propagating in a D dimensional curved background,
hereafter called the physical spacetime, with metric Gµν . We work in the conformal gauge
of the worldsheet theory so that the ghosts are given by the standard (b, c) systems. For
the purpose of the present work we will be concerned only with the matter part of the
theory. The relevant classical lagrangian is given by,
L =
1
2
∮
dσ
2π
Gµν(X(σ))
[
X˙µ(σ)X˙ν(σ)− ∂Xµ(σ)∂Xν(σ)
]
, (2.1)
where
∮ ≡ ∫ 2π0 , µ = 0, 1, · · · , D−1. A dot and a ∂ denote derivatives with respect to world-
sheet time-coordinate τ and space-coordinate σ respectively. We recast this lagrangian in
a form that describes a single particle moving in an infinite-dimensional curved spacetime
subject to certain potential,
L(x, x˙) =
1
2
gij(x)
[
x˙ix˙j − ai(x)aj(x)
]
, (2.2)
where xi are the general coordinates of the infinite-dimensional spacetime. The index i is
given by an ordered pair of indices,
i = {µ,m} , (2.3)
where m ∈ Z is the string-mode-number such that6,
xi =
∮
dσ
2π
Xµ(σ)e−imσ ,
gij(x) =
∮
dσ
2π
Gµν(X(σ))e
i(m+n)σ ,
ai(x) =
∮
dσ
2π
∂Xµ(σ)e−imσ . (2.4)
We will mainly work using the infinite-dimensional language. Below we discuss certain
properties of this language that will be relevant for our study.
6Throughout the paper we will make the following type of index identifications: i = {µ,m}, j = {ν, n},
k = {κ, q}.
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1. We have claimed that the worldsheet theory (2.1) has an interpretation to be gener-
ally covariant in the infinite-dimensional sense. To see this explicitly let us consider a
GCT in the physical spacetime: Xµ → X ′µ(X) with Jacobian matrix Λµν(X) = ∂X
′µ
∂Xν
and its inverse Λ νµ (X) =
∂Xν
∂X′µ
. This induces a GCT in the infinite-dimensional
spacetime: xi → x′i such that the Jacobian matrix λi j(x) = ∂x
′i
∂xj
and its inverse
λ
j
i (x) =
∂xj
∂x′i
are given by,
λi j(x) =
∮
dσ
2π
Λµν(X(σ))e
i(n−m)σ , λ
j
i (x) =
∮
dσ
2π
Λ νµ (X(σ))e
i(m−n)σ . (2.5)
One can then show (see [23]) that gij(x) and a
i(x) transform as tensors,
g′ij(x
′) = λ ki (x)λ
k′
j (x)gkk′(x) , a
′i(x′) = λi j(x)a
j(x) . (2.6)
2. Using the map in (2.4) one can relate any field in the infinite-dimensional spacetime
constructed out of the metric, its inverse, ai(x) and their derivatives to a non-local
worldsheet operator. A class of examples, which will prove to be useful for us, is
given by a multi-indexed object ui1j1···i2j2···(x) constructed out of the metric, its inverse,
their derivatives and ai(x) (but not its derivatives) such that ui1j1···i2j2···(x) can not be
factored into pieces which are not contracted with each other. In this case one
can construct a local worldsheet operator Uµ1ν1···µ2ν2··· (X(σ)) simply by performing the
following replacements in the expression of ui1j1···i2j2···(x),
gij(x)→ Gµν(X(σ)) , gij(x)→ Gµν(X(σ)) , ∂i → ∂µ , ai(x)→ ∂Xµ(σ) .(2.7)
As was shown in [23], the two objects ui1j1···i2j2···(x) and U
µ1ν1···
µ2ν2··· (X(σ)) are related to
each other by the following general rule,
u
i1j1···
i2j2···(x) ∼ [2πδ(0)]N
∮
dσ
2π
Uµ1ν1···µ2ν2··· (X(σ))e
i(m2+n2+···)σ−i(m1+n1+···)σ , (2.8)
where N is the number of traces in u and the argument of the Dirac delta function
δ(0) appearing on the right hand side is the worldsheet space direction:
δ(0) = lim
σ→σ′
δ(σ − σ′) = lim
σ→σ′
1
2π
∑
n∈Z
ein(σ−σ
′) . (2.9)
The way one gets N factors of δ(0) on the right hand side is as follows: Each infinite-
dimensional trace breaks up into a trace in the physical spacetime which appears in
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the expression of U , and a sum over all the string modes which gives rise to a factor
of
∑
n∈Z
1 = 2πδ(0). We relate the two sides of (2.8) by the symbol ∼ to indicate that
such a manipulation is understood only at a formal level. The relation (2.8) implies
that u enjoys the same tensorial properties in the infinite-dimensional spacetime
as U does in the physical spacetime (provided gij and a
i have the right tensorial
property, which is indeed the case as we have already discussed).
3. In the infinite-dimensional language the problem at hand possesses certain shift
properties which can be written as:
ui1+ii2···j1j2··· = u
i1i2+i···
j1j2··· = u
i1i2···
j1−ij2··· = u
i1i2···
j1j2−i··· = · · · ,
∂j+la
k+l(x) = ∂ja
k(x) + i(l)δkj , (2.10)
where the factor of i in the second term of the last equation is the imaginary number.
Given the spacetime index i as in footnote 6, we have defined (i) = m. A shift in
the infinite-dimensional index is defined to be i+ j = {µ,m+n}7. It is now obvious
that the first relation of (2.10) is a direct consequence of (2.8). The second relation
can be obtained from the following one:
∂ja
k = i(j)δkj . (2.11)
The easiest way to get this is to notice that the definitions in (2.4) imply that the
infinite dimensional model in (2.2) corresponds to the string worldsheet theory only
for the linear profile ak(x) = (k)xk. Alternatively, one can directly calculate the left
hand side of (2.11) using the third equation in (2.4) and,
∂i =
∮
dσ
2π
eimσ
δ
δXµ(σ)
,
δXµ(σ)
δXν(σ′)
= 2πδµν δ(σ − σ′) . (2.12)
The result is given by inδn,qδ
κ
ν = i(j)δ
k
j .
3 DeWitt-Virasoro generators
The goal of this section is to arrive at the background independent version of the quantum
Virasoro generators. We will start with the standard expressions for the classical EM
7Notice that we choose the physical spacetime index corresponding to i+ j by the one associated with
the first index (i.e. i) appearing in the shift. We will follow this convention in all our expressions.
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tensor and write the classical Virasoro generators in the infinite-dimensional language.
Then after quantizing the system we will use DeWitt’s argument to define the quantum
DWV generators.
The right and left moving components of the classical EM tensor are given by,
T (σ) = 1
4
(K(σ)− Z(σ) + V (σ)) = ∑
m∈Z
Lme
imσ ,
T˜ (σ) = 1
4
(K(σ) + Z(σ) + V (σ)) =
∑
m∈Z
L˜me
−imσ , (3.13)
respectively, where,
K(σ) = Gµν(X(σ))Pµ(σ)Pν(σ) =
∑
m∈Z
Kme
imσ ,
Z(σ) = 2∂Xµ(σ)Pµ(σ) =
∑
m∈Z
Zme
imσ ,
V (σ) = Gµν(X(σ))∂X
µ(σ)∂Xν(σ) =
∑
m∈Z
Vme
imσ . (3.14)
The conjugate momentum is given by: Pµ = Gµν(X)X˙
ν . It is related to the momentum
in the infinite-dimensional language, i.e. pi = gij(x)x˙
j according to the same rule in
(2.8). The classical Virasoro generators Lm and L˜m can now be expressed in terms of the
Fourier modesKm, Zm and Vm, which can, in turn, be expressed in the infinite-dimensional
language. The results are as follows:
4L(i) = K(i) − Z(i) + V(i) , 4L˜(i) = K(¯i) + Z(¯i) + V(¯i) , (3.15)
where we have defined i¯ = {µ,−m} and,
K(i) = g
kl+i(x)pkpl , Z(i) = 2a
k+i(x)pk , V(i) = gkl(x)a
k(x)al+i(x) . (3.16)
Notice that a Virasoro generator is a scalar, but has a string mode index (i) = m which, in
the infinite-dimensional language, appears to be a shift of the spacetime index, as evident
from eqs.(3.16).
Poisson brackets of the generators in (3.15) should satisfy the classical Virasoro alge-
bra. Notice that since GCT is a canonical transformation which preserves the Poisson
brackets, it should be possible to write such brackets in a manifestly covariant manner.
This has been shown in [23].
We now quantize the system:
[xˆi, pˆj] = iα
′δij . (3.17)
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We work in the Schro¨dinger picture so that the operators do not have explicit τ depen-
dence. The idea is to keep the general covariance manifest in the quantum theory. GCT
of any operator independent of momenta does not suffer from any ordering ambiguity and
therefore straightforward to compute. Transformation of the momentum operator, which
preserves the canonical commutation relations, is taken to be [20, 21]:
pˆi → pˆ′i =
1
2
(λ ji (xˆ)pˆj + pˆjλ
j
i (xˆ)) . (3.18)
This defines GCT of an arbitrary operator constructed out of the phase-space variables.
Let us now introduce the position eigenbasis |x〉. The orthonormality and completeness
conditions read:
〈x|x′〉 = δ(x, x′) = g−1/2(x)δ(x− x′) ,
∫
dw |x〉〈x| = 1 , (3.19)
where δ(x− x′) is the Dirac delta function, dw = dxg1/2(x) and g(x) = | det gij(x)|. The
position space representation of the momentum operator is given by [20],
〈x|pˆi|x′〉 = −iα′
[
∂i +
1
2
γi(x)
]
δ(x, x′) , (3.20)
where γi are the contracted Christoffel symbols
8,
γj = γ
i
ji , γ
i
jk =
1
2
gil (∂jglk + ∂kglj − ∂lgjk) . (3.22)
Using γ∗i (x) = γi¯(x) and ∂xiδ(x, x
′) = −(∂x′i +γi(x))δ(x, x′) (see [20]) it is straightforward
to check that the position space representation in (3.20) is compatible with the following
hermiticity properties:
(xˆi)† = xˆi¯ , (pˆi)
† = pˆi¯ . (3.23)
To construct the DWV generators we first define following [25]:
πˆj = pˆj +
iα′
2
γj(xˆ) , πˆ
⋆
j = pˆj −
iα′
2
γj(xˆ) . (3.24)
8Notice that γi has a trace and therefore is divergent:
γi(x) = 2piδ(0)
∮
dσ
2pi
Γµ(X(σ))e
imσ , (3.21)
where the expression for Γµ(X) can be read out from (3.22) using the replacement (2.7).
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Using (3.18) it is easy to show that these objects are transformed by left and right mul-
tiplications respectively under GCT:
πˆi → πˆ′i = λ ji (xˆ)πˆj , πˆ⋆i → πˆ′⋆i = πˆ⋆jλ ji (xˆ) , (3.25)
The quantum definition of the operators in eqs.(3.16) are given by,
Kˆ(i) = πˆ
⋆
kg
kl+i(xˆ)πˆl ,
Zˆ(i) = Zˆ
L
(i) + Zˆ
R
(i) ,
Vˆ(i) = gkl(xˆ)a
k(xˆ)al+i(xˆ) (3.26)
where,
ZˆL(i) = πˆ
⋆
ka
k+i(xˆ) , ZˆR(i) = a
k+i(xˆ)πˆk. (3.27)
Given the transformation properties in (3.25), it is clear that all the operators in (3.26)
and (3.27) are invariant under GCT and have the right classical limit. The left-right
symmetric combination for Zˆ(i) considered in (3.26) gives the right hermiticity property
for the DWV generators. These operators give covariant results in the following sense.
Consider the matrix element of an arbitrary operator constructed out of these generators
between any two scalar states. The result written in position space representation is
manifestly covariant.
4 DeWitt-Virasoro algebra
Here we will present the algebra satisfied by the DWV generators Lˆ(i) and
ˆ˜
L(i) defined
through eqs.(3.15, 3.26, 3.27). As mentioned earlier, for a generic background the current
framework allows us to calculate this algebra only in the spin-zero representation. The
details of the computation can be found in [23]. The final results, written in the infinite-
dimensional language, are as follows,
〈χ|


[Lˆ(i), Lˆ(j)] = (i− j)α′Lˆ(i+j) + AˆR(i)(j) ,
[ ˆ˜L(i),
ˆ˜
L(j)] = (i− j)α′ ˆ˜L(i+j) + AˆL(i)(j) ,
[Lˆ(i),
ˆ˜
L(j)] = Aˆ(i)(j)


|ψ〉 , (4.28)
where |χ〉 and |ψ〉 are two arbitrary scalar states (τ -dependent). The above result is the
Witt algebra (without the central charge terms) with additional operator anomaly terms
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given by,
AˆR(i)(j) = 0 ,
AˆL(i)(j) = 0 ,
Aˆ(i)(j) =
α′2
8
(
πˆ⋆k+irkl(xˆ)a
l+j¯(xˆ)− ak+i(xˆ)rkl(xˆ)πˆl+j¯
)
, (4.29)
where rij(x) is the Ricci tensor in the infinite-dimensional spacetime which, according to
the general map (2.8), is related to the same in physical spacetime, namely Rµν(X) in the
following way,
rij(x) ∼ 2πδ(0)
∮
dσ
2π
Rµν(X(σ))e
i(m+n)σ . (4.30)
Notice that there are no central charge terms in (4.28). As mentioned in section 1,
this is due to the fact that the vacuum, which is a special spin-zero state, has not been
introduced and the DWV generators have not been normal ordered. In general such a
procedure is not understood to us. However, we will demonstrate this in the specific
examples of flat and pp-wave backgrounds in the next section.
5 Flat and pp-wave backgrounds as special cases
We will discuss the flat and the pp-wave cases separately below in subsections (5.1) and
(5.2) respectively. Before that we make some comments based on general grounds. For
both the backgrounds the EM tensor does not involve any non-trivial ordering between
fields and conjugate momenta in the chosen coordinate system. Another way of seeing
this is that in both the cases we have,
γk(x) = 0 , g(x) = 1 . (5.31)
This indicates that any operator calculation done using the canonical commutators with-
out worrying about manifest general covariance should be reliable. This justifies recog-
nizing the computation done in [15, 16, 17] as a special case of the present analysis as will
be done below. It also turns out as a consequence of (5.31) that the algebra in (4.28) can
be considered as operator equations.
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5.1 Flat background
In this case the DWV generators are given, in the usual worldsheet language, as follows,
Lˆ(0)m =
1
2
ηµν
∑
n∈Z
Πˆµm−nΠˆ
ν
n ,
ˆ˜
L
(0)
m =
1
2
ηµν
∑
n∈Z
ˆ˜Π
µ
m−n
ˆ˜Π
ν
n , (5.32)
where the superscript (0) refers to flat background and,
Πˆµm =
1√
2
∮
dσ
2π
(ηµνPˆν(σ)− ∂Xˆµ(σ))e−imσ ,
ˆ˜Π
µ
m =
1√
2
∮
dσ
2π
(ηµνPˆν(σ) + ∂Xˆ
µ(σ))eimσ , (5.33)
are the usual creation-annihilation operators,
[Πˆµm, Πˆ
ν
n] = η
µνα′δm+n,0 , [
ˆ˜Π
µ
m,
ˆ˜Π
ν
n] = η
µνα′δm+n,0 . (5.34)
The DWV generators differ from the actual quantum Virasoro generators Lˆ(0)m and ˆ˜L
(0)
m
by additive c-numbers,
Lˆ(0)m = Lˆ(0)m + cm , ˆ˜L
(0)
m =
ˆ˜L
(0)
m + c˜m , (5.35)
where,
Lˆ(0)m =
1
2
ηµν
∑
n∈Z
: Πˆµm−nΠˆ
ν
n : ,
ˆ˜L
(0)
m =
1
2
ηµν
∑
n∈Z
: ˆ˜Π
µ
m−n
ˆ˜Π
ν
n : , (5.36)
and cm = c˜m is non-zero only when m = 0, in which case it is a divergent constant. The
normal ordering :: used in the above equations, which matter only for the Virasoro zero
modes, is defined as the oscillator normal ordering with respect to the vacuum |0〉 defined
by,
Πˆµm
ˆ˜Π
µ
m

 |0〉 = 0 , ∀m ≥ 0 . (5.37)
It is easy to check using (5.34) that the generators in (5.32) satisfy,
[Lˆ(0)m , Lˆ
(0)
n ] = (m− n)α′Lˆ(0)m+n ,
[ ˆ˜L
(0)
m ,
ˆ˜
L
(0)
n ] = (m− n)α′ ˆ˜L
(0)
m+n ,
[Lˆ(0)m ,
ˆ˜
L
(0)
n ] = 0 , (5.38)
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which is simply the DWV algebra in (4.28) for flat background. However, the same
method of computation applied to [Lˆ(0)m , Lˆ(0)−m] gives a result that has operator ordering
ambiguity. The result is 2mα′Lˆ(0)0 up to an additive c-number contribution that can not be
calculated using this method because of the ambiguity. As indicated in [26], this c-number
contribution, which turns out to be the central charge term, can be found unambiguously
by calculating, for example, 〈0|Lˆ(0)m Lˆ(0)−m|0〉 with m > 0,
[Lˆ(0)m , Lˆ(0)n ] = (m− n)α′Lˆ(0)m+n +
D
12
(m3 −m)α′2δm+n,0 ,
[ ˆ˜L
(0)
m ,
ˆ˜L
(0)
n ] = (m− n)α′ ˆ˜L
(0)
m+n +
D
12
(m3 −m)α′2δm+n,0 ,
[Lˆ(0)m , ˆ˜L
(0)
n ] = 0 . (5.39)
5.2 Explaining conformal invariance for pp-wave
In [17] we considered a restricted ansatz for an off-shell pp-wave in type IIB string theory
which includes the R-R plane-wave background. The R-R flux part of the background
involves the Green-Schwarz fermions on the worldsheet. We will ignore this fermionic part
and consider only the bosonic part of the computation which corresponds to switching on a
metric-background where the non-trivial components of the metric (in physical spacetime)
are given by,
G+− = 1 , G++ = K( ~X) , GIJ = δIJ , (5.40)
where the vector sign refers to the transverse part with index I. The only non-trivial
component of the Ricci-tensor is,
R++ ∝ ~∂2K . (5.41)
The worldsheet theory is expected to be an exact CFT when R++ vanishes [27]. We call
the background in (5.40) simply as pp-wave9.
It was argued in [17] that the operator anomaly terms of the Virasoro algebra suffer
from an ordering ambiguity and therefore proving conformal invariance was not completely
9The particular solution of R++ = 0 given by,
K =
∑
I
sIX
IXI ,
∑
I
sI = 0 , (5.42)
is called plane-wave.
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settled. We argued below eqs.(5.31) why it should be possible to consider this computation
as a special case of the present background independent formulation. Here we would like
to show how doing this explains the conformal invariance in the present case resolving
the ambiguous situation in the previous work.
The first step is to relate the DWV generators specialized to the present background
with the quantum Virasoro generators defined in [17]. One can check that this relation is
precisely the same as that in (5.35),
Lˆppm = Lˆppm + cm , ˆ˜L
pp
m =
ˆ˜L
pp
m + c˜m , (5.43)
where the superscript pp refers to the pp-wave being considered. According to the cal-
culations of the present work the algebra satisfied by Lˆppm and
ˆ˜
L
pp
m is given by (4.28)
evaluated for the pp-wave. Following the same procedure as in flat-case, which took us
from eqs.(5.38) to eqs.(5.39), one finds the following quantum Virasoro algebra in the
present case,
[Lˆppm , Lˆppn ] = (m− n)α′Lˆppm+n +
D
12
(m3 −m)α′2δm+n,0 + AˆRmn ,
[ ˆ˜L
pp
m ,
ˆ˜L
pp
n ] = (m− n)α′ ˆ˜L
pp
m+n +
D
12
(m3 −m)α′2δm+n,0 + AˆLmn ,
[Lˆppm , ˆ˜L
pp
n ] = Aˆmn , (5.44)
where the operator anomaly terms AˆRmn = Aˆ
R
(i)(j), Aˆ
L
mn = Aˆ
L
(i)(j) and Aˆmn = Aˆ(i)(j) are
given by eqs.(4.29) evaluated for the pp-wave.
We will now compare the result in (5.44) found in this work with the one in [17]. The
computation of [17] was done using the local worldsheet language. The result is precisely
the local version of (5.44) with the local operator anomaly terms given by,
AˆRthere(σ, σ
′) = AˆLthere(σ, σ
′) = Aˆthere(σ, σ
′)
∝
[
Oˆ(σ, σ′)Pˆ−(σ′)Pˆ−(σ′)− Oˆ(σ′, σ)Pˆ−(σ)Pˆ−(σ)
]
δǫ(σ − σ′)
−
[
Oˆ(σ, σ′)∂Xˆ+(σ′)∂Xˆ+(σ′)− Oˆ(σ′, σ)∂Xˆ+(σ)∂Xˆ+(σ)
]
δǫ(σ − σ′) , (5.45)
where the above three anomaly terms are defined in eqs.(3.20) of [17] and
Oˆ(σ, σ′) = PˆI(σ)∂IK( ~ˆX(σ′)) + ∂IK( ~ˆX(σ′))PˆI(σ) . (5.46)
Therefore comparing (5.44) with the corresponding result in [17] we are able to relate the
operator anomaly terms in (5.44) and in (5.45),
AˆR(i)(j) =
∮
dσ
2π
dσ′
2π
AˆRthere(σ, σ
′)e−imσ−inσ
′
,
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AˆL(i)(j) =
∮
dσ
2π
dσ′
2π
AˆLthere(σ, σ
′)eimσ+inσ
′
,
Aˆ(i)(j) =
∮
dσ
2π
dσ′
2π
Aˆthere(σ, σ
′)e−imσ+inσ
′
. (5.47)
It was explained in [17] that the expression in (5.45) suffers from an operator ordering
ambiguity. The idea here is to resolve this ambiguity by borrowing the results found
here. Therefore, using eqs.(5.47) and (4.29) one concludes that both AˆRthere(σ, σ
′) and
AˆLthere(σ, σ
′) should vanish. Moreover, comparing the equations in (4.29), (5.45) and
(5.47) one concludes that the Ricci-term obtained in the present analysis was missing
earlier. As we will show below, this is an apparent discrepancy which may be resolved by
showing that the relevant term vanishes, though the Ricci tensor itself does not, for the
pp-wave under consideration because of certain special properties of the background10.
The non-trivial components of the infinite-dimensional metric corresponding to (5.40)
are,
gi+j− = δm+n,0 , gi+j+ =
∮
dσ
2π
K( ~X(σ))ei(m+n)σ , gi⊥j⊥ = δIJδm+n,0 , (5.48)
where the infinite-dimensional spacetime index is divided in the following way: i =
(i+, i−, i⊥) such that,
i+ = {+, m} , i− = {−, m} , i⊥ = {I,m} . (5.49)
The only non-trivial components of the Ricci tensor are ri+j+(~x) (the vector sign referring
to the transverse indices i⊥) which is related to R++( ~X) in (5.41) according to (4.30).
Let us now go back to the last equation in (4.28). By going to the position space repre-
sentation, integrating by parts and using the shift property (2.10) one can show that the
Ricci-term is proportional to,
∫
dw χ∗∇k+i(rklal+j¯)ψ =
∫
dx χ∗gk++ik
′
−∂k′
−
(rk+l+a
l++j¯)ψ , (5.50)
where on the right hand side we have evaluated the term for the pp-wave. This vanishes
as the quantity inside the round brackets is independent of xi− .
10This argument, however, will rely on the scalar expectation value of the algebra in (4.28), and not
operator equation.
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6 Conclusions
In this work we have explored a new approach to study two dimensional non-linear sigma
model in hamiltonian formalism. By re-writing the problem in terms of the Fourier
modes of the string we develop a language which formally describes motion of a par-
ticle in an infinite-dimensional curved background. A background independent notion
of the Virasoro generators, called DeWitt-Virasoro generators, has been defined for an
arbitrary metric-background (not necessarily on-shell) by following DeWitt’s coordinate
independent description of quantum mechanics. The algebra of such generators in spin-
zero representation has been shown to satisfy the Witt algebra with additional operator
anomaly terms that vanish for Ricci-flat backgrounds. The same result has been shown
to be true in [24] by constructing tensor representations in a certain sense.
The invariant matrix elements computed in this work involve arbitrary spin-zero states.
The field theoretic divergences are hidden in our formal expressions as infinite-dimensional
traces. However, because of manifest general covariance one is able to carry out the
necessary derivations, at least at a formal level. Such divergences are supposed to get
cured by first introducing the right vacuum state and then normal ordering the DWV
generators. The central charge terms are also expected to show up in the algebra when
such a procedure is carried out. Although this has not been understood in general in
the present work, it has been demonstrated for the special cases of flat and pp-wave
backgrounds. Understanding of the vacuum state and how the DWV anomaly computed
here should be related to the standard one-loop beta function result is important for
further progress.
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